Abstract. Recently Galatius, Madsen, Tillmann and Weiss identified the homotopy type of the classifying space of the cobordism category of embedded d-dimensional manifolds [7] for each positive integer d. Their result lead to a new proof of the generalized standard Mumford conjecture. We extend the main theorem of [7] to the case of cobordism categories of embedded d-dimensional manifolds with prescribed singularities, and explain the relation of singular cobordism categories to the bordism version of the Gromov h-principle.
Introduction
A smooth map f : M → N of manifolds is said to be singular at a point x ∈ M if the rank of the differential df at x is strictly less than the minimum of dim M and dim N . In this paper we are mostly interested in the case where the codimension −d of f , i.e., the difference dim N − dim M , is negative. In this case we may regard f as a family of singular manifolds of positive dimension d. For a set J of singularity types of maps of a fixed codimension −d, we say that f is a map with J singularities or a J -map if each of its singularities is of type contained in the set J .
Recently Galatius, Madsen, Tillmann and Weiss identified the homotopy type of the classifying space of the cobordism category of embedded d-dimensional manifolds [7] for each positive integer d. We extend the main theorem of [7] to the case of cobordism categories of embedded d-dimensional manifolds with prescribed singularities by establishing a close relationship between cobordism categories of singular manifolds and cobordism groups of maps with prescribed singularities.
Let us recall [7] that the cobordism category C d of smooth manifolds of dimension d is a topological category of embedded manifolds M ⊂ {a} × R ∞+d−1 , with a ∈ R, of dimension d − 1; the set of non-trivial morphisms in C d of
consists of embedded compact manifolds
of dimension d transversally intersecting the walls {a 0 , a 1 } × R ∞+d−1 in M 1 ⊔ M 2 . It turned out [7] that the loop space ΩBC 2 is rationally homology equivalent to the stabilized moduli space of Riemann surfaces, which allowed the authors of [7] to give a new proof of the standard Mumford conjecture. According to a celebrated work of Pierre Deligne and David Mumford, each moduli space of Riemann surfaces admits a compactification by a moduli space, called the Deligne-Mumford compactification, of smooth Riemann surfaces as well as surfaces with so-called node singularities. The corresponding "compactification" of cobordism categories of smooth manifolds motivates the central notion of the current paper, namely, the notion of cobordism categories C J of singular manifolds.
Given a set J of singularity types of maps of a fixed codimension −d, the cobordism category C J is defined to be a topological category whose objects are the same as those in the cobordism category of smooth manifolds, i.e., embedded closed manifolds of dimension d − 1, while the space of non-trivial morphisms in C J between embedded closed manifolds M 1 and M 2 consists of embedded compact singular manifolds W , with boundary ∂W = M 1 ⊔ M 2 such that W is diffeomorphic to a fiber of a J -map (see section 8). For example, in the case where J consists only of the node singularity type of maps of codimension −2 (see Remark 1.2), the morphisms W in C J are embedded nodal surfaces.
Cobordism categories C J are closely related to cobordism groups of J -maps whose definition we recall next. We say that two J -maps f i :
The set of J -cobordant classes of J -maps of closed manifolds into a closed manifold N gives rise to an abelian group B d (N ; J ) with operation given by the disjoint union of maps.
A priori cobordism groups of J -maps do not form a generalized cohomology theory. However, in [18] the author introduced an infinite loop space Ω ∞ B J (see subsection 2.1) and proved that under mild conditions on the singularity set J , for each smooth manifold N , there is an isomorphism
of the cobordism group of J -maps and the group of homotopy classes [N, Ω ∞ B J ] of maps of N into the infinite loop space Ω ∞ B J . In other words, the group B d (N ; J ) is isomorphic to the zero cohomology group H 0 (N ; Ω ∞ B J ) with respect to the spectrum Ω ∞ B J . In the case of non-singular maps of codimension −d, i.e., in the case where J = ∅, the space Ω ∞ B J naturally appears in the paper [7] ; according to [7, Theorem 3.4 ], the cohomology classes in H 1 (N ; Ω ∞ B ∅ ) are in bijective correspondence with the concordance classes D ∅ [N ] of non-singular maps to N . We extend [7, Theorem 3.4 ] to the case of a K-invariant set J of singularity types, i.e., to the case of a set J with sufficiently many symmetries (e.g., see [4] ). Theorem 1.1. Let J be a K-invariant set of singularity types. Then, for each manifold N , the cohomology classes in H 1 (N ; Ω ∞ B J ) are in bijective correspondence with the concordance classes D J [N ] of J -maps into N . Remark 1.2. A particular interesting case of Theorem 1.1 is the one concerning maps with node singularities. We say that a map germ f : (R n+2 , 0) → (R n , 0) has a node singularity if there are coordinate neighborhoods about 0 in R n+2 and 0 in R n with respect to which f = id R n−2 × g, where id R n−2 is the identity map germ of R n−2 and g is the map germ
In the case where J contains only the node singularity type of maps of codimension −2, Theorem 1.1 is closely related to the construction of Eliashberg and Galatius [6] .
The main theorem of Galatius, Madsen, Tillmann and Weiss in [7] establishes a weak homotopy equivalence
of the loop space of the classifying space BC d and the infinite loop space Ω ∞ B ∅ . We apply Theorem 1.1 to show that a general statement holds true. Theorem 1.1 is closely related to the bordism version of the h-principle introduced by the author in [18] (see Theorem 2.2). Remarkably, for the proof of Theorem 2.2 it is essential that the set of singularity types J contains so-called fold singularity types, while we do not have such a hypothesis in Theorem 1.1.
To prove Theorem 1.3 we apply a technique developed in [16] . However, in contrast to [7] , we do not use the language and properties of infinite dimensional manifolds and Lie groups; instead we apply an observation of Kazarian [14] , [15] (see also [20] ) in global singularity theory on classifying spaces of maps with prescribed fibers.
B-principle
In this section we will recall the construction of infinite loop spaces Ω ∞ B J and the relation of these spaces to the bordism version of the h-principle.
A smooth map f : M → N of manifolds is said to be singular at a point x ∈ M if the rank of the differential df at x is strictly less than the minimum of dim M and dim N . Let J be an arbitrary set of singularity types. A smooth map f is called a J -map if each of its singularities is of J -type. We say that two J -maps f i : 
where the last map is the identity map on each copy of N . In particular, the zero element is given by the map of an empty set. In general, the set of elements of Oriented cobordism groups of J -maps can be defined similarly.
Carefully choosing the set J of singularities, one may derive cobordism groups related to various objects in geometry and topology. In the examples below the codimension of a map f : M → N stands for dim N − dim M ; and an immersion (respectively submersion) means a map of non-negative (respectively non-positive) codimension without singularities.
Examples.
• By the Pontrjagin-Thom construction the oriented cobordism group of immersions into N × R of codimension 1 is isomorphic to a stable homotopy group of N .
• Cobordism groups of submersions are related to diffeomorphism groups of manifolds, various infinite loop spaces, moduli spaces of Riemann surfaces, cobordism category [7] ; and, in particular, to the Kahn-Priddy theorem and the standard Mumford conjecture [5] , [16] .
• Cobordism groups of special generic maps are related to diffeomorphism groups of spheres and exotic smooth structures on spheres [19] , [17] .
• Cobordism groups of fold maps are known to be related to stable homotopy groups [1] , [2] , [3] , [11] , [12] , [13] .
A priori cobordism groups of J -maps do not form a generalized cohomology theory since, for example, cobordism groups of J -maps are not defined for topological spaces. The author, however, found [18] a counterpart of B d (N ; J ) that can be used to compute B d (N ; J ) in the same way as singular cohomology groups H n (N ; R) can be used to compute De Rham cohomology groups H n DR (N ). Definition 1. Let F be a contravariant functor from a category C to the category Ab of abelian groups. We say that F satisfies the b-principle if there is a cohomology theory with functors h i : Top → Ab, indexed by i ∈ Z, on the category Top of topological spaces and a covariant factor τ : C → Top such that F is naturally equivalent to h n • τ for some n, i.e., there is a commutative diagram:
Ab On the category of smooth manifolds, for example, H n DR satisfies the b-principle since it is naturally equivalent to H n • τ ; here τ takes a smooth manifold onto the underlying topological space.
Remark 2.1. The b-principle is a bordism (or cohomology) version of the Gromov homotopy principle, or h-principle. The classical definition of the h-principle is given in terms of so-called jet bundles [8] . There are, however, important h-principle type theorems, e.g., Thurston h-principle for foliations [21] , [22] , [9] , [10] , that do not fit the classical jet bundle setting. In general, the h-principle can be formulated in terms of category theory as above by respectively replacing Top and Ab by the category Top ↓ B of topological spaces over a fixed space B and a category of sets, and requiring that h n be a homotopy functor rather than a term of a cohomology theory.
2.1. B-principle for J -maps. A set J of types of singularities of maps of codimension −d gives rise to a spectrum B J defined as follows. Let p : E t → BO t be the universal vector t-bundle over the space BO t of vector subspaces of R ∞ of dimension t. Let S t = S t (J ) denote the space of Taylor series T (f ) at 0 ∈ R t+d of J -maps f : R t+d → E t |b, with b ∈ BO t , into the fibers E t |b = p −1 (b) such that f (0) is 0 ∈ E t |b. Then the map θ : S t → BO t that takes T (f ) onto b has a structure of a fiber bundle. The (t + d)-th term of the spectrum B J is defined to be the Thom space T θ * E t of the bundle θ * E t over S t . The desired spectrum B J is defined to be the Thom spectrum with terms T θ * E t .
We will omit here the precise definition of openness and K-invariance of sets of singular types. Informally, a set J is open if any map sufficiently close to a J -map is a J -map; and J is K-invariant if it has sufficiently many symmetries. In particular, under the assumptions of Theorem 2.2, the functor of cobordism groups of J -maps on the category of n-manifolds and embeddings satisfies the b-principle. Its counterpart is the cohomology theory of Ω ∞ B J .
Galatius-Madsen-Tillmann-Weiss theorems
Let us recall [7] the definition of the cobordism category C d of embedded manifolds of dimension d. An object of C d is a closed smooth manifold M of dimension d − 1 embedded into a horizontal infinite dimensional plane
The set of non-trivial morphisms in C d between objects
There are natural topologies on the sets of objects and morphisms of C d with respect to which C d is a topological category.
The main theorem in [7] relates the classifying space BC d of the cobordism category and the infinite loop space Ω ∞ B ∅ where ∅ is the empty set of singularities of maps of codimension d. Let us recall that a contravariant functor F from the category E of smooth manifolds without boundary and equidimensional embeddings to the category of sets is a set valued sheaf if for any open covering {U i } of any manifold X ∈ E, and sections s i ∈ F (U i ) over each U i , with s i = s j over U i ∩ U j for all i, j, there is a unique section s ∈ F (X) such that s = s i over U i for all i.
To pass from the spectrum Ω ∞−1 B ∅ in Theorem 3.1 to the cobordism category, the authors of [7] consider a sheaf model D ∅ for Ω ∞−1 B ∅ (see [7] ). For a general K-invariant set J of singularity types, the sheaf model D J on the category E can be defined as follows.
We say that a submanifold W of U × R × R d−1+n with projections π, f and j of W onto the respective factors is a J -submanifold if
• π : W → U is a J -map, and
is a set valued sheaf, which, as we will shortly see, can be used to described Ω ∞−1 B J .
We say that two J -submanifolds W 0 , W 1 of U × R × R d−1+n are concordant, if there exists a J -submanifold W of (U × R) × R × R d−1+n which agrees with the pullback submanifolds pr
and pr
where pr is the projection of U × R × R × R d−1+n along the second factor. Two elements of D J (U ) are said to be concordant if their representatives are concordant. In order to prove Theorem 3.1, the authors of [7] related D ∅ and C d and proved the following theorem.
Theorem 3.2. For any manifold X there is a bijection
between the set of concordance classes of elements in D ∅ (X) and the set of homotopy classes of maps of X into Ω ∞−1 B ∅ .
In the next section we prove Theorem 1.1 which is a general version of Theorem 3.2.
Singular version of Theorem 3.2
The infinite loop space Ω ∞ B J determines a cohomology theory H * (−; Ω ∞ B J ); the s-th cohomology group of a CW-complex X is given by
Furthermore the space Ω ∞ B J is defined so that the 0-th cohomology group H 0 (X; B J ) models cobordism groups of maps with J -singularities. In general, the group H 0 (X; Ω ∞ B) may not be isomorphic to the cobordism group of J -maps into X; the assumptions in the statement of Theorem 2.2 can not be omitted. Lemma 4.1. There is a well defined map ρ :
Proof. Let W be a representative of D J [X], i.e., W is a submanifold of
with projections π, f and j. Then π : W → X is a J -map, and, in particular, if W is of dimension m, then the dimension of X is m − d. Let ν W be the normal bundle of W in R × R d−1+n . Then, in notation of [18] , the k-jet extension of π gives rise to a section of the k-jet bundle
where ν is the normal bundle of dimension n of W in X × R × R d−1+n and ε is the trivial vector 1-bundle over W . Such a section determines a lift of W ν −→ BSO n to a map W → S n (J ) with respect to the projection θ : S n (J ) → BSO n . Now the Pontrjagin-Thom construction yields (see [7] ) a map
whose adjoint represents a desired map
The homotopy class of the map (2) does not depend on the choice of the representative of the concordance class of W . Hence there is a well defined map
There is a well defined map σ :
Proof. An element of [X, Ω ∞−1 B J ] is represented by a map
which gives rise to a map M → X of a (d − 1)-manifold and a section of the k-jet bundle
. As above we obtain a section of the k-jet bundle
through k-jets of germs of J -maps. As in [18] , the section of (4) leads to a J -map
where L is an arbitrarily chosen closed (n + d − 1)-dimensional parallelizable manifold. Let β be the projection of M × R × L onto the second factor. Let pt be a regular value of the composition of the proper map
and the projection of X × L × R onto the second factor. Then for W = (α, β) −1 (X × pt × R), the projection (α, β)|W : W −→ X × R is a proper map, and, by an argument in [18] , the composition of (α, β)|W and the projection of X × R onto X is a J -map. We lift (α, β)|W to a map
which represents an element in
does not depend on the choice of a representative of the homotopy class of (3). Hence there is a welldefined map
Let us show now that σ and ρ are inverses of each other. 
where π M is the composition of the projection of M × R onto the first factor and π|M ; f M is the projection of M × R onto the second factor; and j M is an embedding extending Proof. Let γ be a map
we sketch an argument similar to that in [18] . Let L be a parallelizable manifold of dimension d − 1 + n as above. Then γ leads to a two component map
where the first component is a k-jet section and the second component is the projection π 2 of M ×R×L onto the second factor. The map H 0 is homotopic via homotopy H t , with t ∈ [0, 1], to H 1 = j k α × π 2 , where j k α is the k-jet extension of (5). The construction in the proof of Lemma 4.2 yields a manifold W ⊂ M × L × R. Let p be a regular value of the composition W −→ X × R −→ R of (α, β)|W and the projection onto the second factor of X × R. Let
be the composition of the canonical projection and the projection onto the second factor of X × L. Then we may perturb the composition
Since J is a set of singularity types, this homotopy can be lifted to a homotopy of H t through k-jets of J -germs. In particular, we may assume that the composition is already transversal to pt × p × In the next section we deduce a corollary for maps with node singularities.
Maps with node singularities
By definition, a node singularity is the one smoothly equivalent to the singularity of the germ g : (C 2 , 0) −→ (C, 0),
In other words a germ f : (R n+2 , 0) → (R n , 0) is a node if f is singular and there are coordinates about 0 in R n+2 and about 0 in R n with respect to which f = id R n−2 × g. A map f : M → N of codimension −2 is called nodal if each singularity of f is a node.
Corollary 1. Let J be the set of singularity types that contains only the one of a node. Then, for each manifold X, there is an isomorphism of sets
Proof. We do not prove that J is K-invariant. Instead we show that J satisfies a condition sufficient for us to adopt the proof of Theorem 1.1 to the case of J . Namely, let
be a proper nodal map, pt ∈ L a regular value, and W ⊂ M × R × L a submanifold as in the proof of Lemma 4.2. We may assume that X × pt is transversal to the submanifolds of t-fold self-intersections of the image of nodes of α for all t. Then α|W is a nodal map. The rest of the proof is similar to the one of Theorem 1.1.
As has been mentioned, Corollary 1 is closely related to the construction of Eliashberg and Galatius [6] who were motivated by the Deligne-Mumford compactification of moduli spaces of Riemann surfaces.
Space of fibers
Studying maps with prescribed multisingularities, Maxim Kazarian observed [14] , [15] (see also [20] ) that the infinite loop space Ω d+∞ MO can be used to construct classifying spaces of maps with prescribed fibers. Namely let J be an open K-invariant set of singularity types of K-finite map germs of codimension d. Then the classifying space Ω ∞−k J MO, with k ≥ 0, is defined to be the colimit of spaces Ω n−k
• for a distinguished point * in S d+n−k , the map f takes R k × { * } onto the distinguished point of M O n , and
of the map germ f at x and a projection germ on a fiber of the universal vector bundle EO n → BO n at f (x) is a J -germ. The space Ω ∞ J MO is called the space of J -fibers.
Extension of D J
In this section we define a modification E J of the set valued sheaf D J on the category E so that for each manifold X, there is an identification of concordance classes
, and, on the other hand, there is an extension of the sheaf E J to the category X of smooth manifolds without boundary and smooth maps.
In fact, we define E J to be the set valued sheaf on X associating to a manifold X the set of continuous maps
The restriction sheaf E J |E can be related to D J by means of the Pontrjagin-Thom construction which yields a map
of concordance classes over any manifold X ∈ E. We will show that the map e X is an isomorphism. 
which is smooth in a neighborhood of P −1 (BO n ) and transversal to BO n .
Proof. Given an element in E J (X), it is represented by a continuous map
such that for each point x ∈ X, the restriction Q x of Q to the slice {x} × R × S d−1+n is smooth in a neighborhood of Q −1 x (BO n ). There exists a C 0 -slight perturbation P of Q relative to X × R × { * } such that P is smooth in a neighborhood of P −1 (BO n ) and transversal to BO n . We may assume that for each x ∈ X the restriction P x of P to {x} × R × S d−1+n is C ∞ -close near Q −1
x (BO) to the restriction Q x of Q. Then, for each x, the map P x represents a loop in Ω ∞−1 J MO. Consequently P represents a point in E J (X) satisfying the requirements of Lemma 7.1. Lemma 7.2. Suppose that J is an open K-invariant set of singularity types. Then for each manifold X ∈ X , there is an isomorphism of concordance classes
In fact there is a weak homotopy equivalence
MO.
Proof. By the Milnor theorem, the space Ω ∞−1 B J has the homotopy type of a CWcomplex. Slightly abusing notation, we will assume that Ω ∞−1 B J is itself a CWcomplex. In particular there exists a filtration by skeleta MO. Furthermore, since γ i |U i−1 = γ i−1 , the restriction of β i to U i−1 is homotopic to β i−1 . Consequently, we may assume that β i coincides with β i−1 over U i−1 . Then the restrictions {β i |K i } determine a map ψ. Using Lemma 7.1 we can show that the map ψ induces an isomorphism of homotopy groups.
Cobordism category C J
In this section we give a definition of the cobordism category C J and introduce topologies on the spaces of objects and morphisms of C J so that C J is a topological category.
The objects of the cobordism category C J of singular manifolds are similar to the objects of the topological cobordism category C d . More precisely, an object of
that has a closed tubular neighborhood of radius r. To introduce a topology on the set of objects of C J , we identify Ob C J with a subspace of Ω
MO × R by means of the canonical Pontrjagin-Thom construction. Namely, let
be the inverse image of M under the obvious projection
Then the canonical Pontrjagin-Thom map
takes W to BO and the complement to the tubular neighborhood of W of radius r to the distinguished point of MO. It follows that P represents a point p(M ) in Ω ∞−1 J
MO.
We introduce a topology on Ob C J so that the map (8) Ob
Intuitively, a non-trivial morphism W in C J between
with a 0 < a 1 , is defined to be a subspace
• there is a proper J -map X → Y of manifolds with fiber W such that
More precisely we define a non-trivial morphism between M 1 and M 2 to be a point 
We introduce a topology on the space of morphisms W so that the map
, defined on the non-trivial morphisms to be
is an embedding. Here R 2
+ is the open half plane of points (a 0 , a 1 ) with a 0 < a 1 .
Homotopy types of singular cobordism theories
In this section we prove Theorem 1.3 generalizing the main theorem in [7] . Theorem 1.3 follows from a serious of lemmas. We will introduce several sheaves and prove weak homotopy equivalences: Let us recall that the cocycle sheaf (see [7] ) of E ⋔ J is defined to be the set valued sheaf βE ⋔ J on X of generalized J -maps and broken functions a. A point of βE ⋔ is a pair (U, Ψ, Φ) of
• an open cover U = {U j |j ∈ J} indexed by a fixed uncountable set J, • a set Ψ ∈ {c R } of elements in E ⋔ (U R ), one for each non-empty finite subset R ⊂ J, where U R = ∩ j∈R U j , • a collection of morphisms Φ = {ϕ RS } in E ⋔ (U S ), where ϕ RS is a morphism from c S to c R |U S , one for each non-empty finite pair R ⊆ S ⊂ J such that
• ϕ RR is the identity morphism of some object c R ∈ E ⋔ (U R ),
• ϕ RT = (ϕ RS |U T ) • ϕ ST for all R ⊆ S ⊆ T of finite non-empty subsets of J . By definition of morphisms in E ⋔ it follows that for a manifold X in X a point (U, Ψ, Φ) in E ⋔ (X) is a generalized J -map to X together with a broken function a given by the collection of functions in Ψ.
Lemma 9.1. The forgetful map βE ⋔ J → E J is a weak equivalence of set valued sheaves, where βE ⋔ J is the cocycle sheaf associated with E ⋔ J . Proof. In view of Lemma 7.1, the proof of Lemma 9.1 is similar to the proof of [7, Proposition 4 .2].
9.2. Category valued sheaf C J . The value of C J on a manifold X is a category with Ob C J (X) = C 0 (X, Ob C J ) and Mor C J (X) = C 0 (X, Mor C J ).
The nerves of C J give rise to sheaves; in particular, to the sheaf N 0 C J = Ob C J of objects of C J and the sheaf N 1 C J = Mor C J of morphisms. The classifying space B|C J | is defined to be the classifying space of the topological category |C J | with objects |N 0 C J | and morphisms |N 1 C J |. , N k C J ), and hence, for each k, the map N k |C J | → N k C J is a weak homotopy equivalence, which implies the statement of the lemma.
